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Abstract. We classify the quadratic extensions K = Q[√d] and the finite groups G for
which the group ring oK [G] of G over the ring oK of integers of K has the property that
the group U1(oK [G]) of units of augmentation 1 is hyperbolic. We also construct units
in the Z-order H(oK) of the quaternion algebra H(K) =
(−1,−1
K
)
, when it is a division
algebra.
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1. Introduction
The finite groups G for which the unit group U(Z[G]) of the integral group ring Z[G]
is hyperbolic, in the sense of Gromov [8], have been characterized in [13]. The main
aim of this paper is to examine the hyperbolicity of the group U1(oK [G]) of units of
augmentation 1 in the group ring oK [G] of G over the ring oK of integers of a quadratic
extension K = Q[√d] of the field Q of rational numbers, where d is a square-free integer
= 1. Our main result (Theorem 4.7) provides a complete characterization of such group
rings oK [G].
In the integral case the hyperbolic unit groups are either finite, hence have zero end,
or have two or infinitely many ends (see Theorem I.8.32 of [4] and [13]); in fact, in this
case, the hyperbolic boundary is either empty, or consists of two points, or is a Cantor set.
In particular, the hyperbolic boundary is not a (connected) manifold. However, in the case
we study here, it turns out that when the unit group is hyperbolic and non-abelian it has
one end, and the hyperbolic boundary is a compact manifold of constant positive curvature
(see Remark after Theorem 4.7).
Our investigation naturally leads us to study units in the order H(oK) of the standard
quaternion algebra H(K) = (−1,−1
K
)
, when this algebra is a division algebra. We construct
units, here called Pell and Gauss units, using solutions of certain diophantine quadratic
equations. In particular, we exhibit units of norm −1 in H(oQ[√−7]); this construction,
when combined with the deep work in [5], helps to provide a set of generators for the full
unit group U(H(oQ[√−7])).
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The work reported in this paper corresponds to the first chapter of the third author’s PhD
thesis [17], where analogous questions about finite semi-groups (see [10]) and RA-loops
(see [14]) have also been studied.
2. Preliminaries
Let  be a finitely generated group with identity e and S a finite symmetric set of generators
of , e ∈ S. Consider the Cayley graph G = G(, S) of  with respect to the generating
set S and d = dS the corresponding metric (see chap. 1.1 of [4]). The induced metric on
the vertex set  of G(, S) is then the word metric: for γ1, γ2 ∈ , d(γ1, γ2) equals the
least non-negative integer n such that γ−11 γ2 = s1s2 . . . sn, si ∈ S . Recall that in a metric
space (X, d), the Gromov product (y.z)x of elements y, z ∈ X with respect to a given
element x ∈ X is defined to be
(y · z)x = 12 (d(y, x) + d(z, x) − d(y, z)),
and that the metric space X is said to be hyperbolic if there exists δ ≥ 0 such that for all
w, x, y, z ∈ X,
(x · y)w ≥ min{(x · z)w, (y · z)w} − δ.
The group  is said to be hyperbolic if the Cayley graph G with the metric dS is a hyperbolic
metric space. This is a well-defined notion which depends only on the group , and is
independent of the chosen generating set S (see [8]).
A map f : X → Y between topological spaces is said to be proper if f −1(C) ⊆ X
is compact whenever C ⊆ Y is compact. For a metric space X, two proper maps (rays)
r1, r2: [0,∞[−→ X are defined to be equivalent if, for each compact set C ⊂ X, there
exists n ∈ N such that ri([n,∞[), i = 1, 2, are in the same path component of X\C.
Denote by end(r) the equivalence class of the ray r , by End(X) the set of the equi-
valence classes end(r), and by |End(X)| the cardinality of the set End(X). The cardi-
nality |End(G, dS)| for the Cayley graph (G, dS) of  does not depend on the generating
set S; we thus have the notion of the number of ends of the finitely generated group 
(see [4, 8]).
We next recall some standard results from the theory of hyperbolic groups:
1. Let  be a group. If  is hyperbolic, then Z2 ↪→, where Z2 denotes the free Abelian
group of rank 2 (Corollary III. 3.10(2) of [4]).
2. An infinite hyperbolic group contains an element of infinite order (Proposition III. 2.22
of [4]).
3. If  is hyperbolic, then there exists n = n() ∈ N such that |H | ≤ n for every torsion
subgroup H <  (Theorem III.3.2 of [4] and Chapter 8, Corollaire 36 of [7]).
These results will be used freely in the sequel. In view of (1) above, the following obser-
vation is quite useful.
Lemma 2.1. Let A be a unital ring whose aditive group is torsion free, and let θ1, θ2 ∈ A
be two 2-nilpotent commuting elements which are Z-linearly independent. Then U(A)
contains a subgroup isomorphic to Z2.
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Proof. Set u = 1 + θ1 and v = 1 + θ2. It is clear that u, v ∈ U(A) and both have infinite
order. If 1 = w ∈ 〈u〉 ∩ 〈v〉, then there exists i, j ∈ Z\{0}, such that, ui = w = vj .
Since ui = 1 + iθ1 and vj = 1 + jθ2, it follows that iθ1 − jθ2 = 0 and hence {θ1, θ2} is
Z-linearly dependent, a contradiction. Hence Z2  〈u, v〉 ⊆ U(A). 
Let Cn denote the cyclic group of order n, S3 the symmetric group of degree 3, D4 the
dihedral group of order 8, andQ12 the split extensionC3C4. LetK be an algebraic number
field and oK its ring of integers. The analysis of the implication for torsion subgroups
G of a hyperbolic unit group U(Z[]) leading to Theorem 3 of [13] is easily seen to
remain valid for torsion subgroups of hyperbolic unit groups U(oK []). We thus have the
following:
Theorem 2.2. A torsion group G of a hyperbolic unit group U(oK []) is isomorphic to
one of the following groups:
1. C5, C8, C12, an Abelian group of exponent dividing 4 or 6;
2. a Hamiltonian 2-group;
3. S3,D4,Q12, C4  C4.
We denote by H(K) = ( a,b
K
)
the generalized quaternion algebra over K: H(K) =
K[i, j : i2 = a, j2 = b, j i = −ij = : k]. The set {1, i, j, k} is a K-basis of H(K). Such
an algebra is a totally definite quaternion algebra if the field K is totally real and a, b are
totally negative. If a, b ∈ oK , then the set H(oK), consisting of the oK -linear combinations
of the elements 1, i, j and k, is an oK -algebra. We denote by N the norm map H(K) → K ,
sending x = x1 + xii + xj j + xkk to N(x) = x21 − ax2i − bx2j + abx2k .
Let d = 1 be a square-free integer, K = Q[√d]. Let us recall the basic facts about the
ring of integers oK (see, for example, [11] or [15]). Set
ϑ =
{√
d, if d ≡ 2 or 3 (mod 4)
(1 + √d)/2, if d ≡ 1 (mod 4).
Then oK = Z[ϑ] and the elements 1, ϑ constitute a Z-basis of oK . If d < 0, then
U(oK) =
⎧
⎪⎪⎨
⎪⎪⎩
{±1, ±ϑ}, if d = −1,
{±1, ±ϑ, ±ϑ2}, if d = −3,
{±1}, otherwise.
(1)
If d > 0, then there exists a unique unit  > 1, called the fundamental unit, such that
U(oK) = ±〈〉. (2)
We need the following:
PROPOSITION 2.3
Let K = Q[√d], with d = 1 a square-free integer, be a quadratic extension of Q, and
u ∈ U(oK). Then ui ≡ 1 (mod 2), where
i =
⎧
⎪⎪⎨
⎪⎪⎩
1 if d ≡ 1 (mod 8),
2 if d ≡ 2, 3 (mod 4),
3 if d ≡ 5 (mod 8).
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Proof. The assertion follows immediately on considering the prime factorization of the
ideal 2oK (see Theorem 1, p. 236 of [3]). 
3. Abelian groups with hyperbolic unit groups
PROPOSITION 3.1
Let R be a unitary commutative ring, C2 = 〈g〉. Then u = a + (1 − a)g, a ∈ R\{0, 1} is
a non-trivial unit in U1(R[C2]) if, and only if, 2a − 1 ∈ U(R).
Proof. Let C2 = 〈g〉 and suppose that u = a+ (1−a)g, a ∈ R\{0, 1} is a non-trivial unit
in R[C2] having augmentation 1. Let ρ: R[C2] → M2(R) be the regular representation.
Clearly ρ(u) =
(
a 1−a
1−a a
)
. Since u is a unit, it follows that 2a − 1 = det ρ(u) ∈
U(R).
Conversely, let a ∈ R\{0, 1} be such that e = 2a − 1 ∈ U(R). It is then easy to see that
u = a + (1 − a)g is a non-trivial unit in R[C2] with inverse v = ae−1 + (1 − ae−1)g
(Proposition I of [9]). 
PROPOSITION 3.2
The unit group U(oK [C2]) is trivial if, and only if, K = Q or an imaginary quadratic
extension of Q, i.e., d < 0.
Proof. It is clear from the description (1) of the unit group of oK that the equation
2a − 1 = u, a ∈ ok\{0, 1}, u ∈ U(oK) (3)
does not have a solution whenK = Q or d < 0.
Suppose d > 1 and  is the fundamental unit in oK . In this case we have U(oK) = ±〈〉.
By Proposition 2.3, i ∈ 1 + 2oK for some i ∈ {1, 2, 3}. Consequently eq. (3) has a
solution and so, by Proposition 3.1, U(oK [C2]) is non-trivial. 
Theorem 3.3. Let oK be the ring of integers of a real quadratic extension K = Q[
√
d],
d > 1 a square-free integer,  > 1 the fundamental unit of oK and C2 = 〈g〉.
Then
U1(oK [C2]) ∼= 〈g〉 ×
〈
1 + n
2
+ 1 − 
n
2
g
〉
∼= C2 × Z,
where n is the order of  mod 2oK .
Proof. Let u ∈ U1(oK [C2]) be a non-trivial unit. Then, there exists a ∈ oK such that,
2a − 1 = ±m for some non-zero integer m. Since n is the order of  mod 2oK , m = nq
with q ∈ Z. We thus have
u = a + (1 − a)g
= 1 ± 
m
2
+ 1 ∓ 
m
2
g
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= 1 ± 
nq
2
+ 1 ∓ 
nq
2
g
=
(
1 + n
2
+ 1 − 
n
2
g
)q
or g
(
1 + n
2
+ 1 − 
n
2
g
)q
.
Hence U1(oK [C2]) ∼= 〈g〉 ×
〈 1+n
2 + 1−
n
2 g
〉 ∼= C2 × Z. 
As an immediate consequence of the preceding analysis, we have:
COROLLARY 3.4
If K is a quadratic extension of Q, then U1(oK [C2]) is a hyperbolic group.
COROLLARY 3.5
Let G be a non-cyclic elementary Abelian 2-group. Then U1(oK [G]) is hyperbolic if, and
only if, oK is imaginary.
Proof. Suppose oK is real. Since G is not cyclic, there exist g, h ∈ G, g = h, o(g) =
o(h) = 2. By Theorem 3.3, U1(oK [〈g〉]) ∼= C2 ×Z ∼= U1(oK [〈h〉]). Since 〈g〉∩〈h〉 = {1},
U1(oK [〈g〉]) ∩ U1(oK [〈h〉]) = {1}. Therefore U1(oK) contains an Abelian group of rank
2, so it is not hyperbolic. Conversely, if oK is imaginary, then, proceeding by induction on
the order |G| of G, we can conclude that U1(oK [G]) is trivial, and hence is hyperbolic.

For an Abelian group G, we denote by r(G) its torsion-free rank. In order to study the
hyperbolicity of U1(oK [G]), it is enough to determine the torsion-free rank r(U1(oK [G])).
Since U(oK [G]) ∼= U(oK) × U1(oK [G]), we have r(U1(oK [G])) = r(U(oK [G])) −
r(U(oK)). If K is an imaginary extension, then r(U(oK [G])) = r(U1(oK [G])), whereas
if K is a real quadratic extension, then r(U(oK)) = 1, and therefore
r(U1(oK [G])) = r(U(oK [G])) − 1.
We note that
Q[Cn] ∼= ⊕
∑
d|n
Q[ζd ],
where ζd is a primitive d-th root of unity, and therefore, for any algebraic number field L,
L[Cn] ∼= ⊕
∑
d|n
L ⊗Q Q[ζd ].
We say that two groups are commensurable with each other when they contain finite
index subgroups isomorphic to each other. Since the unit group U(oL[Cn]) is commen-
surable with U(), where  = ⊕∑d|n oL⊗Q[ζd ], we essentially need to compute the
torsion-free rank of oK⊗Q[ζd ] for the needed cases.
PROPOSITION 3.6
Let K = Q[√d], with d a square-free integer = 1. The table below shows the torsion-free
rank of the groups U1(oK [Cn]), n ∈ {2, 3, 4, 5, 6, 8}.
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n r(U1(oK [Cn])) n r(U1(oK [Cn]))
2 0 if d < 01 if d > 1 3
1 if d < 0, d = −3
0 if d = −3
1 if d > 1
4
1 if d < −1
0 if d = −1
2 if d > 1
5
6 if d < 0
2 if d = 5
6 if d ∈ Z+\{1, 5}
6
2 if d < −3
0 if d = −3
3 if d > 1
8
4 if d < −1
1 if d = −1
4 if d = 2
5 if d > 2
In all the cases, the computation is elementary and we omit the details.
Theorem 3.7. If K = Q[√d], with d a square-free integer = 1, then
1. U1(oK [C3]) is hyperbolic;
2. U1(oK [C4]) is hyperbolic if, and only if, d < 0;
3. for an Abelian group G of exponent dividing n > 2, the group U1(oK [G]) is hyperbolic
if, and only if, n = 4 and d = −1, or n = 6 and d = −3;
4. U1(oK [C8]) is hyperbolic if, and only if, d = −1;
5. U1(oK [C5]) is not hyperbolic.
Proof. Proposition 3.6 gives us the torsion-free rank
r := r(U1(oK [Cn]))
for n ∈ {2, 3, 4, 5, 8}. The group U1(oK [Cn]) is hyperbolic if, and only if, r ∈ {0, 1}. Thus,
it only remains to consider the case (3).
Suppose n = 6 and U1(oK [G]) is hyperbolic. We, hence, have r ∈ {0, 1}. If G is cyclic,
then, by Proposition 3.6, we have d = −3. If G is not cyclic, then G ∼= Cl2×Cm3 , l, m ≥ 1.
Since oK [C3] ↪→ oK [G], it follows that d = −3.
Conversely, if n = 6 and d = −3, then, proceeding by induction on |G|, it can be proved
that U1(oK [G]) is hyperbolic.
The case n = 4 can be handled similarly. 
PROPOSITION 3.8
If K = Q[√d], with d square-free integer = 1, then U1(oK [C12]) is not hyperbolic.
Proof. Since K[C12] ∼= K⊗Q [Q[C12]] ∼= K⊗QQ[C3×C4]) ∼= K[C3×C4], we have the
immersions oK [C3] ↪→ oK [C12] and oK [C4] ↪→ oK [C12]. Therefore, r(U1(oK [C12])) ≥
r(U1(oK [C3])) + r(U1(oK [C4])).
Suppose U1(oK [C12]) is hyperbolic. Then, since r(U1(oK [C12])) < 2, we have, by
Proposition 3.6, d ∈ {−3,−1}. We also have
K[C3 × C4] ∼= (K[C3])[C4] ∼= (K ⊕ K[
√−3])[C4]
∼= K[C4] ⊕ (K[
√−3])[C4]
∼= 2K ⊕ K[
√−1] ⊕ 2K[√−3] ⊕ K[√−3 + √−1].
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Set L = Q[√−3 + √−1] and suppose d = −3. Then oK [C12] ↪→ 4oK ⊕ 2oL and
r(U(oL)) = 1. Thus r(U(oK [C12])) = 2, and we have a contradiction.
Analogously, for d = −1, oK [C12] ↪→ 3oK ⊕ 3oL and so r(U(oK [C12])) = 3. Since
the extensions are non-real, we have that r(U1(oK [C12])) = r(U(oK [C12])) ≥ 2, and,
hence, we again have a contradiction.
We conclude that U1(oK [C12]) is not hyperbolic. 
4. Non-Abelian groups with hyperbolic unit groups
Theorem 2.2 classifies the finite non-Abelian groups G for which the unit group U1(Z[G])
is hyperbolic. These groups are: S3,D4,Q12, C4  C4, and the Hamiltonian 2-group,
where Q12 = C3  C4, with C4 acting non-trivially on C3, and also on C4 (see [13]).
Jespers, in [12], classified the finite groups G which have a normal non-Abelian free
complement in U(Z[G]). The group algebra Q[G] of these groups has at most one matrix
Wedderburn component which must be isomorphic to M2(Q).
Lemma 4.1. Let G be a group and K a quadratic extension. If M2(K) is a Wedderburn
component of K[G], then Z2 ↪→ U1(oK [G]). In particular, U1(oK [G]) is not hyperbolic.
Proof. The ring  = M2(oK) is a Z-order in M2(K) and
X = {e12, e12
√
d} ⊂ 
is a set of commuting nilpotent elements of index 2, where eij denotes the elementary
matrix. The set {1,√d} is a linearly independent set over Q, and hence so is X. Therefore,
by Lemma 2.1, Z2 ↪→ U1() ⊂ U1(oK [G]), and so, U1(oK [G]) is not hyperbolic. 
COROLLARY 4.2
If G ∈ {S3,D4,Q12, C4  C4}, then U1(oK [G]) is not hyperbolic.
Proof. We have that K[G] ∼= K ⊗Q (Q[G]). For each of the groups under considera-
tion, M2(Q) is a Wedderburn component of Q[G]; it therefore follows that M2(K) is a
Wedderburn component of K[G]. The preceding lemma implies that U1(oK [G]) is not
hyperbolic. 
IfH is a non-Abelian Hamiltonian 2-group, then H = E×Q8, whereE is an elementary
Abelian 2-group and Q8 is the quaternion group of order 8. Since Q8 contains a cyclic
subgroup of order 4, it follows, by Theorem 3.7, that if U1(oK [Q8]) is hyperbolic, then
oK is not real.
PROPOSITION 4.3
If G is a Hamiltonian 2-group of order greater than 8, then U1(oK [G]) is not hyperbolic.
Proof. Let G = E × Q8 with E elementary Abelian of order 2n > 1. We then have
K[G] = K[E×Q8] ∼= K ⊗Q (Q[E×Q8]) ∼= K ⊗Q (Q[E])[Q8] ∼= K ⊗Q (2nQ)[Q8] ∼=
(2nK)[Q8]. If d = −1, it is well-known that KQ8 has a Wedderburn component isomor-
phic to M2(K) and hence, by Lemma 4.1, U1(oKQ8) is not hyperbolic. If d < −1, then,
by Proposition 3.6, r(U1(oK [C4])) = 1. Since C4 is a subgroup of Q8, it follows that
U1((2noK)[C4]) embeds into U1(oK [G]). Thus, since U1(
∏
2n oK [C4]) has rank 2n ≥ 2,
U1(oK [G]) is not hyperbolic. 
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In view of the above Proposition, it follows that Q8 is the only Hamiltonian 2-group for
which U1(oK [G]) can possibly be hyperbolic, and in this case oK is the ring of integers of
an imaginary extension. By Lemma 4.1, K[Q8] can not have a matrix ring as a Wedderburn
component. Since Q[Q8] ∼= 4Q ⊕ H(Q), we have K[Q8] ∼= K ⊗Q (4Q ⊕ H(Q)) ∼=
4K ⊕ H(K); hence K[Q8] must be a direct sum of division rings, or equivalently, has no
non-zero nilpotent elements. In particular, H(K) is a division ring.
Theorem 4.4. Let K = Q[√d], with d square-free integer = 1. Then K[Q8] is a direct
sum of division rings if, and only if, one of the following holds:
(i) d ≡ 1 (mod 8);
(ii) d ≡ 2, or 3 (mod 4), or d ≡ 5 (mod 8), and d > 0.
Proof. The assertion follows from Theorem 2.3 of [1]; Theorem 1, p. 236 of [3] and
Theorem 3.2 of [16]. 
COROLLARY 4.5
If K = Q[√d], where d is a negative square-free integer, then the group U1(oK [Q8]) is
not hyperbolic if d ≡1(mod 8).
Let H: C×]0,∞[ be the upper half-space model of three-dimensional hyperbolic space
and Iso(H) its group of isometries. In the quaternion algebra H := H(−1,−1) over R,
with its usual basis, we may identify H with the subset {z + rj : z ∈ C, r ∈ R+}. The
group PSL(2,C) acts on H in the following way:
ϕ: PSL(2,C) × H −→ H
(M,P ) →
(
a b
c d
)
P : =(aP + b)(cP + d)−1,
where (cP + d)−1 is calculated in H. Explicitly, MP = M(z + rj) = z∗ + r∗j , with
z∗ = (az + b)(cz + d) + acr
2
|cz + d|2 + |c|2r2 and r
∗ = r|cz + d|2 + |c|2r2 .
Let K be an algebraic number field and oK its ring of integers. Let
SL1(H(oK)) := {x ∈ H(oK): N(x) = 1},
where N is the norm in H(K). Clearly the groups U(H(oK)) and U(oK) × SL1(H(oK))
are commensurable. Consider the subfield F = K[i] ⊂ H(K) which is a maximal subfield
in H(K). The inner automorphism σ ,
σ : H(K) −→ H(K)
x → jxj−1,
fixes F . The algebra H(K) = F ⊕ Fj is a crossed product and embeds into M2(C) as
follows:
: H(K) ↪→ M2(C)
x + yj →
(
x y
−σ(y) σ (x)
)
.
(4)
This embedding enables us to view SL1(H(oK)) and SL1(H(K)) as subgroups of
SL(2,C) and hence SL1(H(K)) acts on H.
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PROPOSITION 4.6
Let K = Q[√d], d ≡ 1 (mod 8) a square-free negative integer, and oK its ring of
integers. Then U(H(oK)) and U(oK [Q8]) are hyperbolic groups.
Proof. Observe that SL1(H(oK)) acts on the space H and, hence, is a discrete subgroup of
SL2(C) (see Theorem 10.1.2, p. 446 of [6]). The quotient space Y := H/SL1(H(oK)) is a
Riemannian manifold of constant curvature −1 and, since H is simply connected, we have
that SL1(H(oK)) ∼= π1(Y ). Since d ≡ 1 (mod 8), H(K) is a division ring and, therefore,
co-compact and Y is compact (see Theorem 10.1.2, item (3) of [6]). Hence SL1(H(oK))
is hyperbolic (see Example 2.25.5 of [2]). Since U(H(oK)) and U(oK) × SL1(H(oK))
are commensurable and U(oK) = {−1, 1}, it follows that U(H(oK)) is hyperbolic. Since
U(oK [Q8]) ∼= U(oK) × U(oK) × U(oK) × U(oK) × U(H(oK)) and U(oK) ∼= C2, we
conclude that U(oK [Q8]) is hyperbolic. 
Combining the results in the present and the preceding section, we have the following
main result.
Theorem 4.7. Let K = Q[√d], with d square-free integer = 1, and G a finite group.
Then U1(oK [G]) is hyperbolic if, and only if, G is one of the groups listed below and oK
(or K) is determined by the corresponding value of d:
1. G ∈ {C2, C3} and d arbitrary;
2. G is an Abelian group of exponent dividing n for: n = 2 and d < 0, or n = 4 and
d = −1, or n = 6 and d = −3.
3. G = C4 and d < 0.
4. G = C8 and d = −1.
5. G = Q8 and d < 0 and d ≡ 1 (mod 8).
Remark. If the group U(oK [Q8]) is hyperbolic, then the hyperbolic boundary ∂(U(oK
[Q8])) ∼= S2, the Euclidean sphere of dimension 2, and End(U(oK [Q8])) has one element
(see Example 2.25.5 of [2]). Note that if U(Z[G]) is an infinite non-Abelian hyperbolic
group, then ∂(U(Z[G])) is totally disconnected and is a Cantor set. So, in this case,U(Z[G])
has infinitely many ends and also is a virtually free group, (Theorem 2 of [13] and §3
of [8]). However, if U(oK [G]) is a non-Abelian hyperbolic group, then U(oK [G]) is an
infinite group which is not virtually free, it has one end and ∂(U(Z[G])) is a smooth
manifold.
5. Pell and Gauss units
When the algebra H(K) is isomorphic to M2(K), it is known how to construct the unit
group of a Z-order up to a finite index. Nevertheless, if H(K) is a division ring, this is
a highly non-trivial task; see [5], for example. In this section we study a construction of
units of U(H(oK)) in the case when the quaternion algebra H(K) is a division ring.
In the sequel, K = Q[√−d] is an imaginary quadratic extension with d a square-free
integer congruent to 7 (mod 8), and oK the ring of integers of the field K . Note that s(K),
the stufe ofK , is 4, the quaternion algebraH(K) is a division ring andU(oK) = {±1}. Thus,
ifu = u1+uii+uj j+ukk ∈ U(H(oK)), then its normN(u) = u21 + u2i + u2j + u2k = ±1;
furthermore, if any of the coefficients u1, ui, uj , uk is zero, then N(u) = 1, s(K) being 4.
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The representation of u, given by (4), is
[u] := (u) =
(
u1 + uii uj + uki
−uj + uki u1 − uii
)
∈ M2(C).
Denote by χu the characteristic polynomial of [u], and by mu its minimal polyno-
mial. The degree ∂(χu) of χu is 2 and therefore ∂(mu) ≤ 2. If ∂(mu) = 1, then
mu(X) = X − z0, z0 ∈ C, and therefore u = z0. Note that the characteristic polynomial is
χu(X) = X2 − trace([u])X+det([u]), where trace([u]) = u1 +uii +σ(u1 +uii) = 2u1
and det([u]) = ±1:
χu(X) = X2 − 2u1X ± 1.
PROPOSITION 5.1
Let u = u1 + uii + uj j + ukk ∈ U(H(oK)). Then the following statements hold:
1. u2 = 2u1u − N(u).
2. If N(u) = 1, then u is a torsion unit if, and only if, u1 ∈ {−1, 0, 1} and the order of u
is 1, 2, or 4.
3. If N(u) = −1, then order of u is infinite.
Proof.
(1) is obvious.
(2) Suppose N(u) = 1 and u is a torsion unit of order n, say. If X2 − 2u1X + η(u) =
(X − ζ1)(X − ζ2), then ζi, i = 1, 2 are roots of unity and ζ1ζ2 = 1. It follows that
2u1 = ζ1 + ζ2 is a real number. Since u ∈ H(oK) and {1, ϑ} is an integral basis of oK , it
follows that u1 ∈ Z. From the equality 2u1 = ζ1 + ζ2, we have 2|u1| = |ζl + ζ2| ≤ 2, and
therefore u1 ∈ {−1, 0, 1}. If u1 = 0, then u2 = −1 and therefore o(u) = 4. If u1 = ±1,
then χu(X) = X2 ∓ 2X + 1 = (X ∓ 1)2, and therefore 0 = χu(u) = (u ∓ 1)2 ∈ H(K);
hence u = ±1.
(3) If N(u) = −1, then u2 = 2u1u+ 1, (u2)1 = 2u21 + 1, η(u2) = 1. If u were a torsion
unit, then, by (2) above, (u2)1 ∈ {−1, 0.1}. If (u2)1 = 0, then 1/2 = −u21 ∈ oK , which is
not possible. If (u2)1 = 1, then u1 = 0, and therefore u2 = 1 yielding u = ±1 which is not
the case, because N(u) = −1. Finally, if (u2)1 = −1, then u21 = −1 which implies that√−1 ∈ K which is also not the case, because H(K) is a division ring. Hence u ∈ U(oK)
is an element of infinite order. 
Let ξ = ψ be elements of {1, i, j, k}. Suppose
u := m√−dξ + pψ, p,m ∈ Z, (5)
is an element in H(oK) having norm 1. Then
p2 − m2d = 1, (6)
i.e., (p,m) is a solution of the Pell’s equationX2−dY 2 = 1. Let L := Q[√d]. Equation (6)
implies that  = p+m√d is a unit in oL. Conversely, if  = p+m
√
d is a unit of norm 1
in oL, then, necessarily, p2 −m2d = 1, and, therefore, for any choice of ξ, ψ in {1, i, j, k},
ξ = ψ ,
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m
√−dξ + pψ (7)
is a unit in H(oK). In particular,
u(,ψ) := p + m
√−dψ, ψ ∈ {i, j, k} (8)
is a unit in H(oK).
With the notations as above, we have:
PROPOSITION 5.2
1. If 1 /∈ supp(u), the support of u, then u is a torsion unit.
2. If  = p + m√d is a unit in oL, then
un(,ψ) = u(n,ψ)
for all ψ ∈ {i, j, k} and n ∈ Z.
Proof. If 1 /∈ supp(u), then u1 = 0; therefore, by Proposition 5.1, u is torsion unit.
Let μ = A + B√d and ν = C + D√d , be units in oL. Then u(μ,ψ) = A + B
√−dψ
and u(ν,ψ) = C + D
√−dψ are units in H(oK). We have
μν = AC + dBD + (AD + BC)
√
d.
Also u(μ,ψ)u(ν,ψ) = (AC + dBD) + (AD + BC)
√−dψ = u(μν,ψ). It follows that we
have un(,ψ) = u(n,ψ) for all ψ ∈ {i, j, k} and n ∈ Z. 
The units (7) constructed above are called 2-Pell units.
PROPOSITION 5.3
Let L = Q[√2d], 2d square-free, ξ, ψ, φ pairwise distinct elements in {1, i, j, k} and
p,m ∈ Z. Then the following are equivalent:
(i) u := m√−dξ + pψ + (1 − p)φ ∈ U(H(oK)).
(ii)  := (2p − 1) + m√2d ∈ U(oL).
Proof. If u is a unit in H(oK), then N(u) = −m2d + p2 + (1 − p)2 = 1, i.e., 2p2 −
2p − m2d = 0, and thus (2p − 1)2 − m22d = 1. Consequently,  = (2p − 1) +
m
√
2d is invertible in oL. The steps being reversible, the equivalence of (i) and (ii)
follows. 
The units constructed above are called 3-Pell units. We shall next determine units of the
form u = m√−d + (m√−d)i +pj + qk, with m,p, q ∈ Z and N(u) = −2m2d +p2 +
q2 = 1. Set p + q =: r and consider the equation
2p2 − 2pr − 2m2d + r2 − 1 = 0. (9)
Theorem 5.4. If r = 1, then equation (9) has a solution in Z, and for each such solution,
u = m√−d + (m√−d)i + pj + qk is a unit in H(oK) of norm 1.
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Proof. Viewed as a quadratic equation in p, (9) has real roots
p = 1 ±
√
1 + 4m2d
2
.
To obtain a solution in Z, we need the argument under the radical to be a square; we thus
need to solve the diophantine equation
X2 − 4dY 2 = 1. (10)
Let  = x + y√d , with x, y ∈ Z, be a unit in oL having infinite order. Replacing  by
2, if necessary, we can assume that y is even. We then have x2 − y2d = 1, and so x must
be odd. Taking m = y/2 and p = 1±x2 , we obtain a solution of (10) in Z. Clearly, for such
a solution, the element u lies in H(oK) and has norm 1. 
Using Gauss’ result which states that a positive integer n is a sum of three squares if,
and only if, n is not of the form 4a(8b − 1), where a ≥ 0 and b ∈ Z, it is easy to see that,
for every integer m ≡ 2 (mod 4), the integers m2d − 1 and m2d + 1 can be expressed as
sums of three squares. We can thus construct units u = m√−d + pi + qj + rk ∈ H(oK)
having prescribed norm 1 or −1; we call such units Gauss units.
Example. In [5], all units exhibited in H(oQ[√−7]) are of norm 1. We present some units
of norm −1 in this ring. The previous theorem guarantees the existence of integers p, q, r ,
such that
u = 6√−7 + pi + qj + rk
is a unit of norm −1. Indeed,
(p, q, r) ∈ {(±15,±5,±1), (±13,±9,±1), (±11,±11,±3)},
and the triples obtained by permutation of coordinates, are all possible integral solutions.
In [5], the authors have constructed a set S of generators of the group SL1(H(oQ[√−7])).
If v0 is a unit of H(oQ[√−7]) having norm −1, then clearly 〈v0, S〉 = U(H(oQ[√−7])).
Thus, for example, taking v0 = 6
√−7 + 15i + 5j + k, we have
U(H(oQ[√−7])) = 〈v0, S〉. (11)
The set
{
1, 1+
√−7
2
}
is an integral basis of R = Z[ 1+
√−7
2
]
. Consider units of the form
m + √−d
2
±
(
m − √−d
2
)
i + pj.
These are neither Pell nor Gauss units. Those of norm ±1, are solutions of the equation
m2 + 2p2 = ±2 + d (12)
in Z. The main result of [5] states that if d = 7, then the units of norm 1 of the above type,
together with the trivial units i and j , generate the group SL1(H(R)).
For d ≡ 7(mod 8), there are no units of norm −1 of the above type, since, in this case,
the equation m2 + 2p2 = −2 + d has no solution in Z, as can be easily seen working
module 8.
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In case d = 7, we give some more examples of negative norm units of the form m+
√−d
2 ±(
m−√−d
2
)
i + pj .
If d = 15, then eq. (12) becomes m2 + 2p2 = 17; the pairs (m, p) ∈ {(3, 2), (3,−2),
(−3, 2), (−3,−2)} are its integral solutions. For m = 3 either p = 2 or p = −2 and so
there are 8 units. Each coefficient of u is distinct, hence for each solution (m, p) there are
3! units with the same support, thus there are 36 different units for a given fixed support.
By Proposition 5.1, all these units have infinite order if u1 /∈ {−1, 0, 1}. If 1 ∈ supp(u),
then either {i, j} ⊂ supp(u) or {i, k} ⊂ supp(u), or {j, k} ⊂ supp(u). Therefore there are
108 of these units and, for example,
3 + √−15
2
+
(
3 − √−15
2
)
j − 2k
is one of them.
If 1 /∈ supp(u), then u is a torsion unit, so there are 36 torsion units of this type. One of
them is the unit
(
−3 − √−15
2
)
i +
(
−3 + √−15
2
)
j + 2k,
of order 4.
For d = 31, we obtain m2 + 2p2 = 33 whose solutions in Z are: (m, p) ∈
{(1, 4), (1,−4), (−1, 4), (−1,−4)}.
As another example of a unit of norm −1 in a quaternion algebra, we may mention that,
in H(oQ[√−23]), u = 5
√−23 + 23i + 6j + 3k is a unit of norm −1.
We next exhibit some Gauss units of norm 1. For H(oQ[√−15]), there exist p, q, r , such
that u = 10√−15 + pi + qj + rk is a unit of norm 1. In fact, (36, 14, 3), (36, 13, 6),
(32, 21, 6), (30, 24, 5) are some of the possible choices for (p, q, r). For H(oQ[√−23]),
u = 2√−23 + 8i + 5j + 2k is a unit of norm 1. It is interesting to note that
u = 3588√−23 + 12168i + 12167j is a Gauss unit, although 4 divides 3588.
We conclude with the following result:
Theorem 5.5. Let K = Q[√−d], 0 < d ≡ 7 (mod 8) and oK the ring of integers of K .
If  = p + m√d is a unit in Z[√d], and x := u(,ψ), y := u(,ψ ′) are two 2-Pell units in
U(H(oK)), where ψ and ψ ′ ∈ {i, j, k} and ψ = ψ ′, then there exists a natural number
m such that 〈xm, ym〉 is a free group of rank 2.
Proof. By Proposition 4.6, U(H(oK)) is a hyperbolic group. In view of
Proposition III.. 3.20 of [4], there exists a natural m, such that, 〈xm, ym〉 is a free group
of rank at most 2. However, Proposition 5.2, item (2) ensures that 〈x〉 ∩ 〈y〉 = {1}.
Therefore, 〈xm, ym〉 has rank at least 2, and hence 〈xm, ym〉 is a free group of rank 2.

References
[1] Arora Satya R, Nilpotent elements in group algebras, J. Indian Math. Soc. 58 (1992)
99–104
[2] Benakli N and Kapovich I, Boundaries of Hyperbolic Groups, Combinatorial and Geo-
metric Group Theory (New York, 2000/Hoboken, NJ, 2001) 39–93, Contemp. Math.,
296 (Providence, RI: Amer. Math. Soc.) (2002)
22 S O Juriaans, I B S Passi and A C Souza Filho
[3] Borevich Z I and Shafarevich I R, Number Theory (Academic Press) (1966)
[4] Bridson M R and Haefliger A, Metric Spaces of Non-Positive Curvature (Berlin: Springer)
(1999)
[5] Corrales C, Jespers E, Leal G and del R´io ´A, Presentations of the unit group of an order
in a non-split quaternion algebra, Adv. Math. 186 (2004) 498–524
[6] Elstrod J, Grunewald F and Menniche J, Groups Acting on Hyperbolic Space, Springer
Monographs in Mathematics (Berlin) (1998)
[7] Ghys E and de la Harpe P (eds), Sur les Groupes Hyperboliques d’apre´s Mikhael Gromov,
(Birkha¨user) (1990)
[8] Gromov M, Hyperbolic Groups, in Essays in Group Theory, M. S. R. I. Publ. 8 (Springer)
(1987) pp. 75–263
[9] Herman A, Li Y and Parmenter M M, Trivial units for group rings with G-adapted
coefficient rings, Canad. Math. Bull. 48(1) (2005) 80–89
[10] Iwaki E, Juriaans S O and Souza Filho A C, Hyperbolicity of semigroup algebras,
J. Algebra 319(12) (2008) 5000–5015
[11] Janusz G J, Algebraic Number Fields, Second Edition, Graduate Studies in Mathematics,
vol. 7 (Amer. Math. Soc.) (1996)
[12] Jespers E, Free normal complements and the unit group of integral group rings, Proc.
Amer. Math. Soc. 122 (1994) 59–66
[13] Juriaans S O, Passi I B S and Prasad D, Hyperbolic Unit Groups, Proc. Amer. Math. Soc.
133 (2005) 415–423
[14] Juriaans S O, Polcino Milies C and Souza Filho A C, Alternative algebras with quasi-
hyperbolic unit loops, http://arXiv.org/abs/0810.4544
[15] Luthar I S and Passi I B S, Algebra Vol 2: Rings (Narosa Publishing House) (1999)
[16] Rajwade A R, A note on the Stufe of quadratic fields, Indian J. Pure Appl. Math. 6 (1975)
725–726
[17] Souza Filho A C, Sobre uma Classificac¸a˜o dos Ane´is de Inteiros, dos Semigrupos Finitos
e dos RA-Loops com a Propriedade Hiperbo´lica (On a classification of the integral rings,
finite semigroups and RA-loops with the hyperbolic property), PhD. Thesis, IME-USP
(Sa˜o Paulo) (2006) 108 pages
